Theory of hadronic B decays by Pirjol, Dan
ar
X
iv
:h
ep
-p
h/
05
02
14
1v
2 
 1
6 
Fe
b 
20
05
Theory of hadronic B decays
Dan Pirjol
Center for Theoretical Physics, MIT
77 Massachusetts Avenue, Cambridge, MA 02139
I give an overview of the theory of hadronic nonleptonic B decays into two light mesons.
Using the soft-collinear effective theory (SCET), a factorization theorem for these processes
has been proven to leading order in 1/mb. The phenomenological implications of this
factorization relation for B → pipi decays are discussed, together with the prospects for
determining α from these modes.
1 Introduction
The hadronic decays of B mesons provide a unique source of information about the flavor
structure of the Standard Model. Due to the peculiar hierarchy structure of the CKM matrix,
CP violation is an order unity effect in B decays. After several years of data taking from the B
factories BABAR and BELLE, we are now in a position to perform precision tests of the CKM
mechanism for CP violation.
It is therefore of considerable interest to have a better theoretical understanding of the
hadronic dynamics of B decays. Two main approaches are widely followed: a) flavor symmetry
methods [1, 2], where isospin or SU(3) flavor symmetry are used to reduce the number of
independent hadronic amplitudes. b) dynamical approaches, based on the 1/mb expansion and
factorization theorems. Several such methods have been proposed and used extensively over
the past few years, known as ‘QCD factorization’ (QCDF) [5] and ‘pQCD’ [6]. Recently, an
effective theory approach based on the Soft-Collinear Effective Theory (SCET) [7] has been
used to study these decays. The flavor symmetry approach is covered at this conference in the
talk of J. Zupan [3] and some aspects of the second approach in the talk of H. Y. Cheng [4]. I
will discuss here recent progress on hadronic decays using the SCET.
2 SCET factorization relation
The weak Hamiltonian mediating non-leptonic B decays is given by
HW =
GF√
2
∑
f=d,s
[
VubV
∗
uf (C1O
u
1 + C2O
u
2 ) + VcbV
∗
cf (C1O
c
1 + C2O
c
2)− VtbV ∗tf
10∑
i=3
CiO
f
i
)]
,
where f = d, s for ∆S = 0, 1 transitions, respectively. The tree operators Oq1,2 are defined as
Oq1 = (qb)V−A(fq)V−A, O
q
2 = (qβbα)V−A(fαqβ)V−A,
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while O3−6 are the so-called QCD penguin operators, and O7−10 are the electroweak (EW)
penguins. The Hamiltonian Eq. (1) is matched onto SCETI at the scale Q ∼ mb
HW =
2GF√
2
∑
n,n
{∑
i
∫
[dωj]
3
j=1ci(ωj)Q
(0)
i (ωj) +
∑
i
∫
[dωj]
4
j=1bi(ωj)Q
(1)
i (ωj) +Qcc + . . .
}
(1)
where c
(f)
i (ωj) and b
(f)
i (ωj) are Wilson coefficients, the ellipses denote color-octet operators
which do not contribute at leading order and higher order terms in ΛQCD/Q, Q = {mb, E}, and
Qcc denotes operators containing a cc pair. Their precise form is not required in the following.
We omit the dependence of the Wilson coefficients on the labels ωj . The SCET operators
appearing here are defined as (q = u, d, s)
O(λ0) O(λ)
Q
(0)
1 = [un,ω1n/PLbv][fn,ω2n/PLun,ω3] Q
(1)
1 =
−2
mb
[un,ω1 ig /B⊥n,ω4PLbv][fn,ω2n/PLun,ω3 ]
Q
(0)
2,3 = [fn,ω1n/PLbv][un,ω2n/PL,Run,ω3] Q
(1)
2,3 =
−2
mb
[fn,ω1 ig /B⊥n,ω4PLbv][un,ω2n/PL,Run,ω3]
Q
(0)
4 = [qn,ω1n/PLbv][fn,ω2n/PL qn,ω3] Q
(1)
4 =
−2
mb
[qn,ω1 ig /B⊥n,ω4PLbv][fn,ω2n/PL qn,ω3 ]
where we have omitted operators which give rise to flavor-singlet light mesons. The operators
Q3 receive contributions only from electroweak penguins. The effective theory operators contain
collinear fields along both n and n directions [8].
It is convenient to write the Wilson coefficients of the SCET operators in a form which
separates the contributions from different operators in the full theory Hamiltonian
ci = λ
(f)
u ciu + λ
(f)
t [c
p
it + c
ew
it ] , bi = λ
(f)
u ciu + λ
(f)
t [b
p
it + b
ew
it ] . (2)
The Wilson coefficients of the O(λ0) operators are known to O(αs(Q)) [5], but those of the
O(λ0) operators only to tree level. The dominant contributions of the EWPs to the SCET
Wilson coefficients cewit and b
ew
it come from Q9,10 and are fixed by SU(3) symmetry to all orders
in terms of the coefficients of the tree operators c1,2u and b1,2u [12].
The nonleptonic B decay amplitudes are obtained by taking the matrix elements of the
SCET effective Hamiltonian Eq. (1) with subleading terms in the usoft-collinear Lagrangian
[13]. The procedure is completely analogous to that followed in deriving factorization relations
for the heavy-to-light form factors [10]. The main result for the B →MnMn nonleptonic decay
amplitude at leading order in Λ/mb can be written in a schematic form as
A = c(u) ⋆ φn(u)ζ
BMn + b(x, z, u) ⋆ φn(x) ⋆ φn(u) ⋆ J(x, z, k+) ⋆ φB(k+) + (n↔ n) + 〈Qcc〉 (3)
with c, b Wilson coefficients, J(x, z, k+) a jet function, ζ
BMn is a nonperturbative soft function
and φn(x), φn(u), φB(k+) are light-cone wavefunctions for the light mesons and the B meson
respectively. The corrections to this formula are suppressed by one power of Λ/mb.
The main features of this factorization formula are:
• The soft function ζBM is the same as that appearing in the heavy-to-light form factor
B →M at large recoil [10].
2
• Jet universality. The jet function is the same as that entering the factorization relation
for B → P, V‖ form factors.
These points show an unexpected relation between semileptonic and nonleptonic decays.
This connection can be made more transparent by defining a new nonperturbative amplitude
ζBMnJ (u, z) ≡ φn(x) ⋆ J(x, z, k+) ⋆ φB(k+), which has the same scaling in 1/mb as ζBMn. In the
following we will take as independent nonperturbative parameters ζ, ζJ(u, z), which effectively
includes perturbative corrections at the collinear scale µ2 = QΛ to all orders.
3 B → ππ decays
As an application of the formalism described above we discuss the nonleptonic B → ππ decays.
The amplitudes can be written in a compact form as
A(B
0 → π+π−) = λ(d)u (−T − Pu) + λ(d)c (−Pc) + λ(d)t (−Pt) ≡ λ(d)u Tc(1 + rceiδceiφ) (4)√
2A(B
0 → π0π0) = λ(d)u (−C + Pu) + λ(d)c Pc + λ(d)t Pt ≡ λ(d)u Tn(1 + rneiδneiφ)√
2A(B− → π−π0) = λ(d)u (T + C)
We neglected here small contributions from electroweak penguins, which can be included in
a model-independent way using isospin symmetry. The amplitudes on the rhs are defined as
Tc = −T − Pu + Pt, Tn = −C + Pu − Pt and φ = γ.
The B → ππ data is shown in Table 1 [15]. This includes the branching ratios and the
time-dependent CP violation parameters Spipi, Cpipi in B
0(t) → π+π−. The relevant branching
ratio information is contained in the two ratios
Rc =
Br(B0 → π+π−)
2Br(B− → π0π−)
τB+
τB0
= 0.445± 0.062 , Rn = Br(B
0 → π0π0)
Br(B− → π0π−)
τB+
τB0
= 0.292± 0.063 (5)
We show in Table I also Cpi0pi0 , the direct CP asymmetry in B
0 → π0π0, which was recently
measured by the Babar and BELLE Collaborations.
3.1 Isospin analysis
For a given γ, the data on Spipi, Cpipi, Rc, Rn allows the determination of the amplitude parameters
T, C, P in Eqs. (4). Adding in also Cpi0pi0 , the weak phase α = π − β − γ can be determined
with a four-fold ambiguity. This is the well-known isospin analysis of Gronau and London [17].
We present first the isospin analysis for fixed γ, and then compare the results with the SCET
predictions. We discuss the prospects for a γ (or α) determination in Sec. 4.
We will present the results of the isospin analysis in terms of the parameters (rc, δc, u, v),
where t = (u, v) are the coordinates of the apex of the triangle of isospin amplitudes 1+ tn = t.
We defined here t = T/Tc, tn = Tn/Tc. The measurable parameters are given by
Spipi =
− sin(2β + 2γ)− 2rc cos δc sin(2β + γ)− r2c sin 2β
1 + 2rc cos δc cos γ + r2c
(6)
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BABAR Belle Avg.
Br(B+ → pi+pi0) 5.8± 0.6± 0.4 5.0± 1.2± 0.5 5.61± 0.61
Br(B0 → pi0pi0) 1.17 ± 0.32± 0.10 2.32+0.44+0.22
−0.48−0.18
1.51± 0.28
Br(B+ → pi+pi−) 4.7± 0.6± 0.2 4.4± 0.6± 0.3 4.6± 0.4
Spipi −0.30± 0.17± 0.03 −1.00± 0.22 −0.608 ± 0.135
Cpipi −0.09± 0.15± 0.04 −0.58± 0.17 −0.368 ± 0.112
C
pi0pi0
−0.12± 0.56± 0.06 −0.43± 0.510.16
−0.17
−0.28± 0.39
Table 1: Data on B → ππ decays after ICHEP 2004, Beijing [14, 15]. The CP-averaged
branching ratios are quoted in units of 10−6.
γ (rc, δc) (u, v) Cpi0pi0
54◦ (0.32 ± 0.11 ,−1.12± 0.40)
(1.36± 0.21 ,−1.00± 0.17)
(1.60 ± 0.22 , 0.53± 0.21)
−0.07± 0.29
0.48± 0.21
64◦ (0.49 ± 0.14 ,−0.71± 0.27)
(1.63± 0.27 ,−0.92± 0.21)
(1.80 ± 0.27 , 0.51± 0.30)
−0.24± 0.34
0.78± 0.21
74◦ (0.68 ± 0.15 ,−0.53± 0.20)
(1.95± 0.41 ,−0.43± 1.03)
(2.00 ± 0.27 , 0.11± 1.12)
0.12± 1.10
0.67± 0.84
Table 2: Amplitude parameters in B → ππ for several input values for γ, together with the
prediction for the CP asymmetry in B → π0π0. For each value of γ there are two solutions for
the tree amplitudes.
Cpipi =
2rc sin δc sin γ
1 + 2rc cos δc cos γ + r2c
(7)
Rc =
1
t2
[1 + r2c + 2rc cos δc cos γ] , Rn =
1
t2
[t2n + r
2
c − 2rc(cos δc(u− 1) + sin δcv) cos γ](8)
with t2 = u2 + v2, t2n = (u− 1)2 + v2. The direct CP asymmetry in the B0 → π0π0 mode is
Cpi0pi0 = − 2[rc sin δc(u− 1)− rc cos δcv] sin γ
t2n − 2[rc cos δc(u− 1) + rc sin δcv] cos γ + r2c
(9)
We show in Table 2 the results for the amplitude parameters extracted from the data
corresponding to several values of γ. For each given value of γ, there are four solutions for the
parameters (rc, δc, u, v), which fall into two sets with common values of (rc, δc). We select only
the physical solution corresponding to rc ≤ 1, which gives the 2 solutions for the amplitudes
Tc, Tn shown in Table 2. For each of these solutions we show also predictions for the direct CP
asymmetry in the neutral pions channel Cpi0pi0 . Similar analyses have been presented in [2, 18].
The absolute magnitudes of the amplitudes are set by |Tc + Tn| = Npi(0.296± 0.016) GeV,
which can be extracted from Br(B− → π−π0). [We denoted here Npi = GF/
√
2m2Bfpi and used
|Vub| = 0.0039.]
3.2 SCET analysis
The analysis discussed above used only isospin symmetry. Next we examine the predictions
from the SCET factorization formula.
1. Predicting Br(B0 → π0π0). At tree level in matching, the strong phases of the tree
amplitudes vanish Arg(Tn/Tc) ∼ O(αs(Q), Λ/Q). This fixes one hadronic parameter (v → 0),
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such that Rc, Rn and Cpi0pi0 are not independent quantities, but are related as
Rn =
1
t
[(t− 1)(1− tRc) + r2c ] , Cpi0pi0 = −(t− 1)
Rc
Rn
Cpi+pi− (10)
This allows predictions for Rn(α) and Cpi0pi0(α) to be made using only data on Rc, Spipi, Cpipi.
We show in Fig. 1 (a) the prediction for Rn(α) from Eq. (10) as a function of α.
2. Determining the SCET nonperturbative parameters. The LO factorization relation for T
and Tc expresses these amplitudes in terms of SCETWilson coefficients and the nonperturbative
parameters ζ, ζJ(x). Working at tree level in matching, one finds
ζBpi
∣∣∣
γ=64◦
= (0.08± 0.03)
(
3.9× 10−3
|Vub|
)
, ζBpiJ
∣∣∣
γ=64◦
= (0.10± 0.02)
(
3.9× 10−3
|Vub|
)
, (11)
which does not include any theoretical uncertainties. These values can be used to predict the
B → π form factor f+(0) at q2 = 0 as
f+(0) = ζ
Bpi + ζBpiJ = (0.18± 0.05)
(
3.9× 10−3
|Vub|
)
which is somewhat lower than recents results from QCD sum rules f+(0) = 0.26 ± 0.03 [25].
The result for ζBpiJ in Eq. (11) is slightly higher than the values obtained in perturbation theory
working at tree level in the jet function in Eq. (3)
ζBpiJ =
παsCF
Nc
fBfpi
mB
〈x−1〉pi〈k−1+ 〉B ∼ 0.02− 0.05 (12)
where we took 〈x−1〉pi = 3(1 + api2 ) with api2 = 0.2 ± 0.2, fB = 200 MeV, fpi = 131 MeV and
〈k−1+ 〉B = 1/λB with λB = (350±150) MeV [5]. [The O(α2s(mbΛ)) corrections to this result have
been recently obtained in [19].] Conceivable explanations for this discrepancy are experimental
errors in the B → ππ data, or neglected power corrections to the factorization formula. A
detailed analysis using the QCDF approach [20] shows that power corrections are small in the
tree amplitudes T, Tc and thus do not affect significantly this determination of ζ
Bpi
J .
4 Prospects for determining α
The main motivation for the experimental study of the ∆S = 0 decays such as B → π+π− is in
connection with the determination of the angle α. In fact what is measured is the combination
β + γ = π − α, which taken together with the precise value of β known from charmonium
modes, can be translated into a value of γ.
The measurements are usually expressed in terms of an effective angle αeff defined by
sin 2αeff = Spipi/
√
1− C2pipi. This is related to the physical angle by αeff = α − θ with θ =
Arg(Api+pi−/Api+pi−). Using only data on Rc, Rn, C, only bounds on θ can be obtained. These
bounds can be turned into a determination provided that Cpi0pi0 is also measured [17].
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Figure 1: (a) Constraint on the weak phase α following from a small relative strong phase
between the tree amplitudes T, Tc. The light band shows the 1σ prediction for Rn(α) as a
function of the weak phase α following from Eq. (10); the horizontal band shows the measured
value Rn = 0.292±0.063. The solid line denotes the GLSS bound Rn ≥ RGLSSn (α,Rc, Spipi, Cpipi)
for central values of the parameters. (b) constraints on α from charmless B decays [26].
Several bounds on θ using only isospin have been given in Refs. [21, 22], of which the most
restrictive one is the GLSS bound [22]
cos 2θ ≥ 1
2Rc
√
1− C2pipi
[(Rc + 1− Rn)2 − 2Rc] (13)
With the present data in Table I these bounds constrain α to lie within 4 windows of width
2θ with θ = 29.0◦ centered on αeff = 1/2 arcsin(Spipi/
√
1− C2pipi). The window corresponding to
the physically preferred solution has αIeff = 110.41
◦. These can be translated into bounds on
β + γ which gives 40.6◦ = 69.6◦ − θ ≤ γ + β ≤ 69.6◦ + θ = 98.6◦.
These bounds can be turned into a determination of α provided that Cpi0pi0 is known, which
is equivalent to performing the full isospin analysis. In the absence of this information, one
can restrict the ranges of the bound by adding in dynamical information about the amplitudes
T, P, C. Several such “constrained” bounds exist, of which we mention only two.
• The Buchalla-Safir bound [24]. This assumes that |δc| ≤ π/2, which leads to a lower
bound on η as a function of Spipi.
• The SCET constraint [11, 27]. The dynamical input here is the smallness of the relative
strong phase of Tc and Tn.
Arg(T/Tc) ∼ Arg(Tn/Tc) ∼ O(αs(mb), Λ/mb) (14)
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We will discuss here in some detail the SCET constraint. We show in Fig. 1 (a) the con-
straints on α from comparing the prediction for Rn(α) from requiring a flat tree triangle Eq. (10)
with the measured value of this parameter Rn = 0.292 ± 0.063. One additional constraint is
introduced by the GLSS bound (13) which bounds Rn from below Rn ≥ RGLSSn (α,Rc, Cpipi).
Taking into account all these constraints, the plot in Fig. 1 (a) allows the range for α
73◦ ≤ α ≤ 95◦ (15)
which includes only the experimental uncertainties. This result is in agreement with present
constraints on α from ∆S = 0 modes (see Fig. 1(b)) and with a general constraint combining
B → ππ, ρπ, ρρ modes [28].
A method for determining γ based on this constraint was proposed in Ref. [27], where it was
argued that theoretical uncertainties to the condition Eq. (14) from radiative corrections and
power corrections of canonical size introduce a very small theoretical error on α of ±2◦ (for the
present central values of the data). More detailed theoretical computations of the correction to
Eq. (14) would be welcome. With improved data the SCET constraint Eq. (14) can be expected
to give useful information on α, complementing alternative determinations of this weak phase.
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